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1. Introduction 

Let G be a compact, connected Lie group. In |TJ, Atiyah and Bott identified the affine space 
A of connections on a principal G-bundle P over a Riemann surface with the affine space C 
of holomorphic structures on P c = P Xg G . where G c is the complexification of G. The 
identification A = C is an isomorphism of affine spaces, thus a diffeomorphism. It was conjec- 
tured in pQ that under this identification the Morse stratification of the Yang-Mills functional 
on A exists and coincides with the stratification of C from algebraic geometry |16l [25] . The 
conjecture was proved by Daskalopoulos in [8] (see also [28]). The top stratum C ss of C consists 
of semi-stable holomorphic structures on P c . Atiyah and Bott showed that the stratification of 
C is C? c -perfect, where G C = Aut(P c ). It has strong implications on the topology of the mod- 
uli space M{P) of 5-equivalence classes of semi-stable holomorphic structures on P c . When 
M.[P) is smooth, Atiyah and Bott found a complete set of generators of the cohomology groups 
H*(M(P); Q) and recursive relations which determine the Poincare polynomial Pt(A4(P); Q). 
When Ai(P) is singular, their results give generators of the equivariant cohomology groups 
Hg C (C ss ;Q) and formula for the equivariant Poincare series P t (C SS ;Q). 

Under the isomorphism A = C, the top stratum C ss corresponds to ^4 SS which is the stable 
manifold of J\T SS , the set of central Yang-Mills connections, where the Yang-Mills functional 
achieves its absolute minimum [H [8]. When the absolute minimum is zero, Af ss is the set of 
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flat connections (connections with zero curvature). By [8l Theorem C], 

M{P)=N SS /Q 

where Q = Aut(-P). So M(P) can be identified with the moduli space of gauge equivalence 
classes of central Yang-Mills connections on P. When the absolute minimum of the Yang-Mills 
functional is zero, or equivalently, the obstruction class o(P) G H 2 (T,,tti(G)) is torsion, J\A{P) 
is the moduli space of gauge equivalence classes of flat connections on P. It is known that flat 
G-connections give rise to representations vri(S) — > G, where vri(S) is the fundamental group 
of the base Riemann surface £ of P. More precisely, 

\J M(P)= Hom(vri(S), G)/G 

P e Prin G (£) 
o(P) torsion 

where G acts on the representation variety Hom(-7ri(S), G) by conjugation. Yang-Mills G- 
connections (critical points of the Yang-Mills functional) give rise to representations Tig(X) — > 
G, where T]r(E) is the central extension of tt\(T,) [H Section 6]. 

In this paper, we study the Yang-Mills functional on the space of connections on a principal 
G-bundle P over a closed, compact, connected, nonorientable surface S. The pull back P of 
P to the orientable double cover ir : £ — > £ is always topologically trivial (Proposition I2.8j ). 
and A \—* tt*A gives an inclusion from the space A of connections on P into the space A 
of connections on P. The Yang-Mills functional on A is the restriction of that on A. In the 
nonorientable case, the absolute minimum of the Yang-Mills functional is always zero, achieved 
by flat connections (see for example [H]). We have 

[j M(P) = Hom(7ri(E), G)/G 

PePrin G (S) 

where A4(P) is the moduli space of gauge equivalence classes of flat connections on P. 

Let £ be a compact, connected, nonorientable surface without boundary. Then £ is dif- 
feomorphic to the connected sum of m > copies of MP 2 , and the Euler characteristic 
x(S) = 2 — m. We derive the following results in this paper: 

(1) We establish an exact correspondence between the gauge equivalence classes of Yang- 
Mills G-connections on S and conjugacy classes of representations Fr(S) — > G, where 
T]r(E) is the super central extension of 7Ti(S). (Section 2|) 

(2) We show that the moduli space of gauge equivalence classes of flat connections on 
any fixed principal G-bundle P over E is nonempty and connected if x(^) < 0- This 
extends [13 Theorem 5.2] to the case £ = 4ffiP 2 . (Section [5l| 

(3) When G = U{n), we give an explicit description of the ^-equivariant Morse stratifi- 
cation of the Yang-Mills functional, compute the Morse index of each stratum, and 
relate lower strata to top strata of spaces of [/(m)-connections (m < n) on E and on 
its orientable double cover. This reduction also gives us a reduction of equivariant 
Poincare series. (Section [7|) 
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We will describe the reduction (3) for other classical groups in a subsequent work |14j . 

In the orientable case, the reduction (3) and the understanding of the topology of the gauge 
group are sufficient to determine the equivariant Poincare series of the top stratum recursively 
(by induction on dimension of the group G). In the nonorientable case, we need to compute 
the difference of the equivariant Morse and Poincare series, which vanishes in the orientable 
case due to equivariant perfectness of the stratification. We will address this in future works. 

Using the Morse theory for the Yang-Mills functional over a closed (orientable or nonori- 
entable) surface (studied in [1] and in this paper, respectively), D. Ramras proved an Atiyah- 
Segal theorem for surface groups in [30J : for any closed surface £ / 5 2 ,MP 2 , -?Q ef (7Ti(X)) = 
K*(T,) for * > when X is orientable, and for * > when £ is nonorientable, where -fQ ef are 
Carlsson's deformation X-groups. 

For the purpose of Morse theory we should consider the Sobolev space of L\_i connections 
J^^ 1 and the group of L\ gauge transformations Q k and (Q c ) k , where k > 2. We will not 
emphasize the regularity issues through out the paper, but refer the reader to [H Section 14] 
and [8] for details. 



We now give a clear description of the remaining sections. In Section [21 we review vari- 
ous representation varieties of flat connections, and show that the pull-back of any principal 
Cr-bundle over a nonorientable surface to its orientable double cover is topologically trivial. 
In Section El we review definitions of the Yang- Mills functional and Yang-Mills connections 
over an orientable surface, and give corresponding definitions for a nonorientable surface. We 
describe involutions on the principal G-bundles and on the space of connections induced by 
the deck transformation on the orientable double cover of the nonorientable surface. Section 
H] contains our main construction and justification. We introduce the super central extension 
of the fundamental group of a surface; it is the central extension if and only if the surface is 
orientable. We establish a precise correspondence between Yang-Mills connections and rep- 
resentations of super central extension. We introduce representation varieties for Yang-Mills 
connections, and describe an involution on symmetric representation varieties induced by the 
deck transformation on the orientable double cover. We also introduce extended moduli spaces 
for nonorientable surfaces. In Section O we discuss the (/-equivariant Morse stratification and 
reduction for general compact connected Lie groups. As a byproduct, we reproduce and ex- 
tend the results on connected components of the moduli space of flat connections over closed 
nonorientable surfaces [121 113j . We specialize to the case G = U(n) in Section [6] (orientable 
case) and Section [7] (nonorientable case) . We give explicit description of the ^-equivariant 
Morse stratification of the space of connections. The main reference of Section [6] of this pa- 
per is [I]. In [H Section 7], the reduction is derived at the level of strata, which are infinite 
dimensional manifolds. Knowing the exact correspondence between Yang-Mills connections 
and representations, we work mainly at the level of representation varieties which are finite 
dimensional. 
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2. Flat Connections and Representations 

Let G be a compact, connected Lie group, and let P be a principal G-bundle on a closed, 
compact, connected surface S. We say a connection A £ -A(P) is flat if its curvature vanishes. 
Let Mo(P) C A(P) be the set of flat connections on P. Note that when £ is orientable, A/o(P) 
can be empty. 

2.1. Representation varieties of flat connections. We first introduce some notation sim- 
ilar to that in [131 Section 2.3]. Let £q be the closed, compact, connected, orientable surface 
with I > handles. Let S( be the connected sum of £q and MP 2 , and let be the connected 
sum of Sq and a Klein bottle. Any closed, compact, connected surface is of the form S|, where 
£ is a nonnegative integer, i = 0, 1, 2. S| is orientable if and only if i = 0. Use 1 as the identity 
of vri(E) and e as the identity of G. We have 

I 

7r x (Sg) = (A 1 ,B l ,...,A i ,B e \l[[A i ,B i ] = l) 

8=1 

I 

7T!(Ef) = (A 1 ,B 1 ,...,A l ,B e ,C\Y[[A i ,B l }=C 2 ) 

i=l 

e 

7T!(E£) = (A 1 ,B 1 ,...,A e ,B l ,D,C\H[A l ,B i ]=CDC- 1 D) 

i=l 

It is known that a flat connection gives rise to a homomorphism vri(S) — ► G. Introduce 
representation varieties 

I 

X Z(°) = {(ai,b 1 ,...,a e ,b e )£G 2e \Hla i ,b i ]=e} 

i=i 

i 

X&(G) = {(ai, h,..., a e , h, c) G G M+1 | JJ[oi, h] = c 2 } 

»=i 

X^ a 2 (G) = {(ai,&i, . . . ,ae,be,d,c) G G 2f+2 | J^[[ai,6»] = cdc _1 d} 

i=l 

Then 

|J AA (P)/g (P) = HomK(Sf),G) - 

PGPrin G (Sf) 
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for i = 0, 1, 2, £ > 0, where Qo(P) is the based gauge group which consists of gauge transfor- 
mations on G that take value the identity e E G = Aut(P X0 ) at a fixed point of xq G Sf. Let 
Q (P) be the gauge group. Then 

G = g(p)/g (p). 

Example 2.1. 

= {(a 1 ,h,...,a e ,b e )£U(ir} = U(ir 
X nL(U(l)) = {(a 1 ,b 1 ,...,a e ,b e ,c)eU(l) 2e+1 \c 2 = l} = U(l) 2£ x{±l} 
X&(U(1)) = (K h,...,a e ,b e ,d,c) G t/(l) 2 ^ 2 | ci 2 = 1} = tf(l) 2£+1 x {±1} 

Let G act on G 2l+l by 

5 • (ci, • • -,c2£+i) = (gcig^ 1 , . . ■ ,gc 2 i +i g~ 1 ). 
This action preserves the subset X^ t (G) C G 2i+t , so G acts on X^JG), and 
|J M (P)/G(P) = Hbm(7r 1 (Ef),G)/G - X&(G)/G 

PePrin G (Sf) 

is the moduli space of gauge equivalence classes of flat G-connections on S|. 

Notation 2.2. In the rest of this paper, we will use the following notation: 

Denote the It-vector by V = (a\,bi, . . . ,ae, be) £ G 2i . Define m(V) and t(V) by 

i 

(1) m(V) = H[a i ,b i ] 

8=1 

(2) x(V) = (b e ,a e ,...,b 1 ,a 1 ) 

Then m(t(V)) = m(V) -1 . Let gVg' 1 denote (gaig" 1 , ghg" 1 , . . . , gaig' 1 , gbig' 1 ) for g eG. 

With the above notation, the representation varieties X^ t (G) can be written as follows: 
XZ(G) = {VeG 2e \m(V) = e} 

= {(V,c)\VGG 2£ , cGG, m(V) = c 2 } 
X e ^ 2 t (G) = {(V, d, c) | V G G 2£ , d,cE G, m(V) = cdc^d} 

2.2. Symmetric representation varieties of fiat connections. Let E be a closed, com- 
pact, connected, nonorientable surface, and let ir : E — > E be the orientable double cover. The 
goal of this and the next subsection is to relate the representation varieties of E to those of E. 

Let E = E|, where z = 1,2. Then S is homeomorphic to the connected sum of 2£ + i copies 
of MP 2 , and its orientable double cover E is Sq^ +1_1 , a Riemann surface of genus 2£ + i — 1. 

In the rest of this subsection, we follow [10\ Section 5] closely. Define 

z rL(°) = {(V,c,V,c) \V,Ve G 2e , c,c£G, m(V) = cc,m(V) = cc} 

Z%*(G) = {(V,d,c,V,d,c) \V,V £ G 2e , d,cJ,ceG, m{V) = cdc~ l d,m(V) = cdc^d} 
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Lemma 2.3. For i = 1,2, define $g : G 2 ^ +i ) -» G 2 ^" 1 ) fry 

*J 1 (v;c,v' 1 c) = (vjctC^c- 1 ), 

$J 2 (F,(i,c,y,J,c) = (^d^^r^c^d,^ 1 ,^). 
w/iere V,V £ G 2i , c, d, c, d G G. Then 

*g\41(G)) = xtV- X '\G). 

Proof. It is straightforward to check *#(2jj t (G)) C X 2 f+ i_1 '°(G). It remains to show that 
xlt'^iG) C *#(2&(G)). 

1. X 2 f;°(G) C ^(^(G)): Given {Vy,V 2 ) G X 2 f;°(G), where Vi,F 2 G G 2 ^, we have 
m(Vi)m(y 2 ) = e. Let 

c = m (Vx) = m^) -1 = m(t(V2)). 

Then 

(V u e,x(V 2 ),c) G Z^ t (G), (y u V 2 ) = ^(71,6,1(^0). 

2 - ^ 1,0 ( G ) <= 4 2 (4kt(G)): Given (Vi,y 2l a,6) G ^^(G), where V U V 2 G G 2 ^ and 
a, 6 G G, we have m("Vi)m(V 2 )[a, 6] = e. Let 

d = a~ 1 , d = am(Vi), c = a~ 1 , c = ab 

Then 



(Vi , d, c, r(y 2 ) , d, c) G Z^ 2 (G) , (Fi, F 2) a, 6) = ^ 2 (Vi , d, c, t{V 2 ) , d, c) . 



□ 



Let G 2 act on z£(G), Z^(G) by 

{91,92) ■ (V,c,V,c) = (giVg^ 1 ,gicg2 1 ,g 2 Vg 2 1 ,g 2 cg^ 1 ), 
{91,92) • {V,d,c,V,d,c) = {giVgi 1 ,gidg^ 1 ,gicg 2 ~ 1 ,g 2 Vg 2 ~ x ,g 2 dg 2 ~ l g 2 cg^ 1 ), 
respectively, where V, V G G 2 ^ and gi,g 2 , c, c, d, d G G. 

Lemma 2.4. T/ie surjection $>q : Z^\{G) — > -Xflft~ i_1 '°(G) induces homeomorphisms 
(3) 4ft(G)/G 2 = X 2 f+ i - 1 '°(G)/G - HomCmCS 2 ^- 1 ), G)/G 

and a homotopy equivalence 

(a\ lr i\hG 2 v2e+i-lflf r ,\hG 

where X hG denote the homotopic orbit space EG Xq X. 

Proof. The case i = 1 of ([3]) was proved in [10]; the case i = 2 is similar. 

To see @, let Gi = G x {1} c G x G and G 2 = {1} x G C G x G, so that Gi G 2 G, and 
the Gi-action and G 2 -action on Z^ t (G) commute. Note that G 2 is a closed normal subgroup 
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ofGxG and that G2 acts on Z^ t (G) freely, so the natural projection Z^ t (G) — > Z^ t (G) / G2 
induces a homotopy equivalence 

It is straighforward to check that the surjection $>q : Z^ t (G) — » X^^ % 1,0 (G) descends to 
a homeomorphism : Z^ t (G)/G2 — ► Xg a ^" l_1 '°(G ! ). Moreover, is G-equivariant with 
respect to the Gi-actic 
homotopy equivalence 



respect to the Gi-action on Z^ t (G)/G2 and the G-action on X 2 ^ 1 1,0 (G), so <3?g' induces a 



( ( n \ I n \hGi Y 2£+i-l,0 /r ,^hG 

□ 

By |X3|, Theorem 3.3], when £ > there is a bijection 

7r (Hom(7ri(Sg),G)/G) — 7ri(G M ), 

where G ss = [G, G] is the maximal connected semisimple subgroup of G. Since G 2 and G are 
connected, we conclude that 

Corollary 2.5. Suppose that i = 1,2 and £ > 0. T/ien iu/ien (^, i) 7^ (0, 1) i/iere is a bijection 

^o{Zq^{G)) > 7Tl(G ss ). 

2.3. Involution on symmetric representation varieties of flat connections. In this 
section, i = 1,2. 

Let t : Z^ &t (Cf) — ► ■^fiat(^') ^ e involution defined in |lUj : 

t(V,v,V,v) = (V,v,V,v) 

where V, V G G 2 ^ and G G\ There is an injection / : X^ t (G) — ► ZJL(G) given by 
(V, v) \-* (V, v, V, u) such that 

^ t (G)) = 4i(Gr 

where Zg^ t (G) T is the fixed locus of the involution r. We will show that Z^ t (G) T corresponds to 
topologically trivial flat G-bundles over the Riemann surface E 2 , To do so, we first recall 

the definition of the obstruction map, which detects the topological type of a flat G-bundle. 

Let H be the connected component of the identity of the center of G, and let G ss = [G, G] 
be the commutator group. Then H is a compact torus, and G ss is the maximal connected 
semisimple subgroup of G. Let p ss : G ss — > G ss and p : G — ► G be universal coverings. Then 
G = f) x G ss where f) = Lie(#). Define p 2e : G 2e -» G 2£ by 

p 2 ^(5i,6i, . . .,a e ,b e ) i-> (p(ai),p(bi),.. . , p(a e ), p(b e )). 

With the above notation, the obstruction map o : X^ t (G) — > Ker(p ss ) = tti(G ss ) is defined 
as follows: given V G G 2e , pick V" G G 2 ^ such that p 2i (V) = V, and define o(V) = m(V). 
Then o{V) G Kerp n G ss = Kerp ss , and the definition is independent of choice of V . The flat 
G-bundle associated to V is topologically trivial if and only if o(V) = e, where e is the identity 
element of G. 
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Let o : -^fl a ^ l-1 '°(G ! ) — > Ker(p ss ) be the obstruction map, and let 

Let e be the identitiy element of G. 

Lemma 2.6. o'(r(y)) = o'{y)- 1 for y G 4£(G). 

Proof. We will prove the case i = 1. The case i = 2 is similar. 

Given y = (V,c,V*,c) € ^(G), where V, V" G G 2£ and c,c G G, pick V', V"' G G 2£ and 
c', c' G G such that p^(F') = V, p^(V') = V", p(c') = c, and p(c') = c. Then 

p(tn(y')(c / c')- 1 ) = m(F)(cc)- 1 = e, p(m(F')(ccT 1 ) = m(?)(cc)- 1 = e. 
Let fe = m(y , )( c 'c , ) _1 and k = xti{V'){£ . Then k, k G Kerp C Z(G). We have 
o'( y ) = o'(V,c,V,c) = ofyccfflc- 1 ) = m(y , )m(c , r(^ , )(c , ) _1 ) 
= m(y , )c , m(y , )~ 1 (c , )~ 1 = ) c '(fcc , c , ) _1 (c / ) _1 = kk~\ 
o'(r(y)) = o'(V,c,V,c) = kk- 1 . 
So o'(r(y))=o'(y)- 1 . □ 
Lemma 2.7. o' o I(x) = e for all x G X^ t (G). 

Proof. We will prove the case i = 1. The case z = 2 is similar. 

Given (V,c) G ^(G), where V G G 2£ and c G G, pick V" G G 2 ^ and c G G such that 
= F and p(c) = c. Then p(m(y)c- 2 ) = m{V)c~ 2 = e. Let fc = m{V)c~ 2 G Kerp C 
Z(G). Then 

o' o /(V, c) = o'(V, c, V, c) = o(V, ct(V> -1 ) = m(V)m(cx{V)c- r ) 
= m{V)cm{V)- l c- 1 = kc 2 • cffcc 2 ) -1 ^ 1 = e. 

□ 

By |13l Theorem 5.2], any topological principal G-bundle on a closed, connected, nonori- 
entable surface admits a flat connection. By Lemma 12.71 the pullback of a flat G-bundle over 
Sf under the orientable double cover E^" 1 -» Ef is a topologically trivial flat G-bundle over 
E 2^+i-l_ We conc i u de that: 

Proposition 2.8. Let G be a compact, connected Lie group. Let J] be a closed, connected, 
nonorientable surface, and let ir : £ — > S 6e i/ie orientable double cover. Then the pullback 
ir*P of any topological principal G-bundle P — > £ zs topologically trivial. 

3. Yang-Mills Functional and Yang-Mills Connections 



In this section, we will define Yang-Mills functional and Yang-Mills connections on nonori- 
entable closed surfaces. 
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3.1. Yang-Mills functional and Yang-Mills connections on orientable surfaces. We 

first recall the Yang- Mills functional and Yang-Mills connections on orientable closed surfaces, 
following pp. 

Let G be a compact connected Lie group. Let E be a Riemann surface. There is a unique 
Kahler metric h such that the scalar curvature is a constant and the Kahler form uj is the 
unique harmonic 2-form on E such that J* s uj = 1. We call it the canonical metric of the 
Riemann surface. 

Let A(P) denote the space of C°° connections on P. Then A(P) is an affine space whose 
associated (real) vector space is 1 (S,ad(P)). The Yang-Mills functional L : A(P) — > M is 
defined by 

(5) L(A) = j Tr(F(A) A *F(A)) 

where F(A) is the curvature form of A. 

Let A t = A + tn be a line of connections, where n £ ^(E, ad(P)). Then 

F(At) = F(A)+td AV + ^t 2 [r ] ,rj], 

so 

L(A t ) = L(A) + 2t [ Tr(d A V A *F(A)) + 0(t 2 ) 

= L(A) + 2t J Tr(7] A *d A *F(A)) + 0(t 2 ) 

So A is a critical point of L iff it satisfies the Yang-Mills equation: 

(6) d\F{A) = *d * F(A) = 0. 

We call critical points Yang-Mills connections on P. Note that flat connections are Yang-Mills 
connections. 

3.2. Involution on the principal bundle. Let E be a connected, nonorientable, closed 
surface. Then E is diffeomorphic to the connected sum of m > copies of]RP 2, s. Let 

be the orientable double cover, and let r : E — > E be the deck transformation. Then E is a 
Riemann surface of genus m — 1, and r is an anti-holomorphic, anti-symplectic involution with 
no fixed point. 

Let P —> E be a principal G-bundle. Let P = ir*P be the pullback principal G-bundle on 
E. By Proposition 12.81 P is topologically trivial. There is an involution f : P — > P which is 
G-equivariant and covers r : E — » E. 

More explicitly, fix a trivialization P = E x G. The right G-action on P is given by 

(x,h) ■ g = (x,h-g) 

where g £ G,(x,h) £ E x G. It is straightforward to check that 

(x,h) ■ (g 1 g 2 ) = ((x,h) ■ g x ) ■ g 2 . 
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The involution f is G-equivariant with respect to the above G-action: 

?{x,h) ■ g = f{(x,h) ■ g) 
for (x, h) G P, g G G. Let s : E — ► G be defined by 

f(x,e) = {t(x),s(x)) 
where e G G is the identity element. By the G-equivariance, 

(7) f(x,h) = (r(x),s(x)h). 
We have f of = idp , so 

(8) s(t(x)) = six)' 1 . 

Conversely, given any continuous map s : £ — > G such that ([5]) holds, we define f s : P — > P 
by ©. Then f s is a G-equivariant involution on P which covers the involution r on S, so 
P s = P/f s is a principal G-bundle over E. 

In particular, we can take s to be a constant map: s(x) = e, where e G G, e 2 = e. The 
involution f e = f s on P = E x G is given by 

(x, h) i— > (t(x), e/i). 

The zero connection on E x G descends to a flat connection A e onP e = P/f e which corresponds 
to 

(e,...,e,6)G^ t (G)cG 2 ^. 

The topological type of P e = P/f e can be determined by the following way (see [13J). We 
use the notation in Section [2T3l Choose e G p _1 (e), where p : G — > G is the universal covering. 
The obstruction class 

[e 2 ] G Ker / 9/2Ker / 9 S ^ 1 (G)/2^ 1 (G) ^ F 2 (E; ^i(G)) 

is independent of the choice of e and determines the topological type of P e . Recall that 
Ker/? = 7Ti(G) is abelian, and 

Prin G (E) ^F 2 (E;^(G)). 

Conversely, a principal G-bundle over E of any topological type arises this way. Recall that 

Kerp C Z{G) Cf)xf ss 

where T ss is some maximal torus of G ss . Given k G Kerp/2Kerp represented by a G Kerp, 
choose e G f) x T ss such that e 2 = a. Let e = p(e) G G. Then e 2 = e, and e defines a principal 
G-bundle P t — > E with obstruction class fc. 

Example 3.1. G = U(n). Let e G £7(n) suc/i that e 2 = / n ('in particular, det(e) = H). Then 
c\(P e ) = ci(det(P e )), where det(P e ) is the U(l)-bundle on E which is the quotient o/E x U(l) 
by the involution 

(x,h) i — > (t(x), det(e)/i) 
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for x G £, h G 17(1). So P e P ± i/ det(e) 
i7 2 (£;Z) 9* Z/2Z. 



= ±1, where ci(P+) = anc? ei(P_) = 1 in 



3.3. Involution on the adjoint bundle. Let g denote the Lie algebra of G. Let P = £ x G 

be the trivial principal G-bundle as above. Let ad(P) = P xg g, where G acts on P x g by 

5 -(x,/ l ,X) = (x,/ l9 ,Ad(r 7 - 1 )(X)) 

for g G G, (x, h) G £ x G = P, X G g. Then ad(P) = £ x g, and the natural projection 
Pxg^Exgis given by 

(x,h,X) ^ (x,Ad(h)(X)). 

Let s : £ —>■ G be a smooth map such that s(t(x)) = s(x)~ 1 , as in flSJ); define f s : P — > P by 
f s (x,h) = (t(x), s(x)h), as in ([7|). The involution f s on P induces an involution on ad(P): 

(x,X)^(r(x),Ad( S (x))(X)). 

We use the same notation f s to denote it. We have 

ad(P)/f s ^P s x G g. 

3.4. Involution on the space of connections. f s : ad(P) — * ad(P) induces an involution 

where A{P) = n^Ejfl). 

More explicitly, given 6* G ^(E) and X G fJ°(£;g), 

f*(X ® 0) = Ad(s)(r*X) ® r*0. 

Similarly, f s : ad(P) — > ad(P) induces an involution on f2 2 (£;g). The curvature form F(A) 
can be viewed as an element in il 2 (£;g): 

F(A) = X®w 

where X : E — > g and w is the volume form of E. We have 

F(f s M) = f*(P(A)) = f*(X ®UJ) = Ad(s)(T*X)®T*UJ = -Ad(s)(T*X)®LU 

where we have used the fact that r is anti-symplectic. 

Recall that A(P) is a Kahler manifold: the complex structure is given by a t—. > *a, and the 
symplectic form is given by 

n(a,(3) = f Tr(a A/3). 

The involution f* : A(P) — > A(P) is anti-holomorphic and anti-symplectic. The fixed locus 
A(P) Ts can be identified with A(P S ), the space of G-connections on P s . A(P) Ts is a totally 
geodesic, totally real, Lagrangian submanifold of A{P). 
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3.5. Yang-Mills functional and Yang-Mills connections on nonorientable surfaces. 

Let (M, g) be a Riemannian manifold with an isometric involution r : M — > M. It is straight- 
forward to check the following statements. 

Lemma 3.2. Let f : M — * R be a smooth function such that f o r = /. 

(1) Let N be the set of critical points of f . Then t(N) = N. 

(2) Let X be the gradient vector field of f . Then 

(a) For any p £ M , we have r*(X(p)) = X(r{p)). 

(b) If 7 : / — ► M is an integral curve of X, where I is an open subset of R, so is 
to 7 :/^M. 

Let M T be the fixed locus of r. Suppose that 

M T = {jM[ 

iei 

is a union of connected components, where each M[ is a submanifold of M. Then each MJ is 
a totally geodesic submanifold of M because r is an isometry. It is straightforward to check 
the following statements. 

Lemma 3.3. Let f : M — > R be a smooth function such that f or = f, and let f T : M T — > R 
6e £/ie restriction of f . Then 

(1) -X"(p) G T p (M r ) for any p G M r ; and X|j\,/t is £/ie gradient vector field of f T . 

(2) T/ie set o/ criiica/ poinis o/ / r : M T -> R is iV T = iV n M r , w/iere iV is i/ie set of 
critical points of f : M — > R. 

In our case, M = A(P) and / is the Yang-Mills functional L. We define the Yang-Mills 
functional on A(P) Ts = A(P S ) to be L Ts : A(P) Ts -> R. We call the critical points of L Ts 
Yang-Mills connections on P. By Lemma 13. 2| ^4 is a Yang- Mills connection on P if and only 
if it* A is a Yang-Mills connection on P. 

It is worth mentioning that our definition of Yang-Mills connections on non-orientable sur- 
faces is different from the one introduced by S. Wang in |32j. 

4. Yang-Mills Connections and Representations 

In this section, we introduce the super central extension of the fundamental group of a 
surface, and establish a precise correspondence between Yang-Mills connections and represen- 
tations of super central extension. We also introduce representation varieties for Yang-Mills 
connections for orientable and nonorientable surfaces, and extended moduli spaces for nonori- 
entable surfaces. 
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4.1. Super central extension of the fundamental group. To relate Yang-Mills connec- 
tions to representations, we need to introduce certain extension of the fundamental group of 
the surface. 

Let £ be a closed, compact, connected surface. Given a G 7i"i(£), let deg(a) = wi(T^)[a] G 
Z/2Z, where [a] is the image of a under the group homomorphism 7Ti(£) —* i?i(£;Z) = 
7ri(S)/[7ri(E),7ri(E)], and wi(T s ) E i7 1 (E;Z/2Z) is the first Stiefel- Whitney class of the tan- 
gent bundle of E. More geometrically, if 7 : S 1 — > E is a loop representing a G tti(E), then 
deg(a) = G Z/2Z if the rank 2 real vector bundle 7*Ts over S 1 is orientable (or equivalently, 
topologically trivial); deg(a) = 1 G Z/2Z if 7*Ts is non-orientable (or equivalently, topologi- 
cally non-trivial). The group homomorphism deg : vri(E) —* Z/2Z is trivial if and only if E is 
orientable. 

We are now ready to define the super central extension Tk(E) of 7Ti(E). It fits in a short 
exact sequence of groups: 

1 ^M^r M (£) Avri(E) 1. 
Given r G M, let J r = a(r), so that J ri + r2 = J ri Jr 2 - Given a G T]r(E), we have 

aJ r a- 1 = I j _ j-i if deg(/3(a)) = | J G Z/2Z. 

This defines i"m(£) up to group isomorphism. We will give a more explicit description later. 
When E is orientable, Tjr(E) is the central extension of 717 (£) defined in pTJ. 

4.2. Representation varieties for orientable surfaces. Recall that any closed, compact, 
connected surface is diffeomorphic to Eg, a Riemann surface of genus £, for some nonnegative 
integer I. Tir(Eq) is generated by 

Ai,Bi, . . . , Ae, Bi, J r 

where r G M, with relations 

(1) J Tl J r2 — J ri -\- r2 

(2) [At, J r ] = [Bi, J r ] = l, i = l,...,£, ret 

(3) Y& =x [A i ,B i ] = J 1 . 

Let p : Tr(Eq) — > G be a group homomorphism. From the relation (1) we must have 
p{J r ) = exp(rX) for some Igg, where g is the Lie algebra of G. From the relation (2) we 
must have p(Ai),p(Bi) G Gx, where Gx is the stabilizer of X of the adjoint action of G on q. 
Combined with the relation (3), Hom(rR(£o), G) can be identified with 

^ym(G) = {(V,X) G G 2t x I V G (Gx) 2£ MV) = exp(X)} 

where m(ai, bi,...,a^, be) = Yli=i[ a i^ was defined in Section [2TTI 

Let M(P) C A(P) be the space of Yang-Mills connections on P. By Theorem 6.16 in pTJ, 
ftf(P) is nonempty for any underlying principal G-bundle P. Let A/q(P) C A{P) be the space 
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of flat connections on P, as in Section [2j The natural inclusion A/o(P) C M(P) induces an 
inclusion X^(G) ^ X^° M (G), V >-> (V,0). 

Let Q{P) be the gauge group, and let Qo(P) be the based gauge group, as before. 

Theorem 4.1 ([H Theorem 6.7]). There is a bijective correspondence between conjugacy classes 
of homomorphisms and gauge equivalence classes of Yang-Mills G-connections over E. 

In other words, we have 

|J M(P)/G (P) = Hom(r M (S^ ),G)-^(G), 

PePrin G (E^) 

|J N{P)/G(P) - Hom(r M (S^ ),G)/G-^(G)/G, 

PePrin G (E^) 

where g£G acts on G 21 x g by g-(V,X) = (gVg-\Ad(g)(X)). 

4.3. Holonomy on the double cover. Let E be a closed, compact, connected, nonorientable 
surface, and let tt : E — > E be the orientable double cover. Then E is a closed, compact, 
connected orientable surface. Let r : E — > E be the deck transformation which is an orientation 
reversing involution. 

Let A G A(P) be a Yang-Mills connection. Recall that A G »4(P) is a Yang-Mills connection 
if and only if there exists u : E — > G such that 

= Ad(u)(X)®u; 

where X is a constant vector in g, or equivalently, if there exists A 1 G •A(P') and u G £/(P) such 
that A = u- A' and F(A') = X <g> cj. 

We fix a trivialization P->SxG such that 

= X g> w 

where X G g and u; is the volume form. Using this trivialization, we may define the holonomy 
along a pai/i (the holonomies along based loops are defined without using the trivialization 
of P). Given a path 7 : [0,1] — ► E, let 7 : [0,1] — > P be the horizontal lifting of 7 (with 
respect to the connection ^4) with 7(0) = (7(0), e), where e is the identity element. Then 
7(1) = (7(1), g~ l ) for some g G Gx, where Gx is the stabilizer of X G g of the adjoint action 
of G on g. We call g G G the holonomy along 7. 

Let 7' : [0, 1] — > P be another horizontal lifting of 7 with 7'(0) = (7(0), h), where h G G. By 
G-invariance of the connection, we have 7' = 7 • /i, so 

7 / (l) = ( 7 (l), 5 - 1 / i ) = (7(l),^~ 1 ^)- 1 ). 

To summarize, if we change the trivialization by a constant gauge transformation h, the cur- 
vature form changes from F(A) = l0w£ il 2 (E; g) to 

= Ad(/i" 1 )X w G ft 2 (E; g) 

and the holonomy along 7 changes from g G Gx to h~ 1 gh G GAd(h-i)x- 
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Recall that S is diffeomorphic to for some t > and i = 1,2, where T>\ is the connected 
sum of a Riemann surface of genus I and the real projective plane, and is the connected 
sum of a Riemann surface of genus I and a Klein bottle. We will discuss the case T,\ in detail. 
The case is similar. 

Suppose that s : S — > G satisfies ([8]), so it defines an involution f s : P — > P. Now look at 
Figure 1. 




Figure 1 . Holonomy on the double cover Eq 

Ai,Bi are loops passing through p + £ S, Aj,_Bj are loops passing through p_ = r(p+), C 
is a path from p + to p_, and C is a path from p_ to p + . The holonomies along Ai,Bi,Ai, B{ 
depend on the connection, not on the trivialization. The holonomies along C and C depend 
on the connection and the trivialization. We choose the trivialization as follows. Let the 
trivialization of P at p + and p_ be given by h \— ► h and h t— > s(p + )h, respectively. We define 
c and c as follows. Let 7 : [0, 1] —* P be the horizontal lifting of C such that 7(0) = e). 
Then 7(1) = (p_, s(p_|_)c _1 ). Let 7 : [0,1] — > P be the horizontal lifting of C 1 such that 
7(0) = (p_,s(p + )). Then 7(1) = (p + ,c _1 ). Let 7'(i) = 7(t) • c _1 . Then 7' is also a horizontal 
lifting of C, 7' (0) = s(p+)c ), 7'(1) = (p+,c _1 c _1 ) = (p + , (ce) -1 ). So 7U 7' is a horizontal 
lifting of C(7, and the holonomy along CC is cc. Denote the holonomies along Ai, Bi, A\, B{ 
by ai,bi,ili,bi respectively. 

We cut E into two discs D + and D- = t{D + ). The (oriented) boundaries of of D + and D_ 
are 

< £ 

8D + = Hl^B^C- 1 , 8D_ = H^B^C- 1 . 

i=l i=l 

Recall that 

I U! = I. U> = U> + U), T*LJ = —UJ 

is Jfl JD+ J-D- 

where — D- is D_ with the reversed orientation. We conclude that 



D± 



1 

u = ±-. 
2 
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Let z = G G. From the above discussion, we have 

m(F)c" 1 c" 1 = exp(-y =exp(I/2) 

m^c^c -1 = exp(- J Adiz-^X (g)u?j =exp(-Ad(z- 1 )X/2) 

Moreover, 

V G (Gx^.cz -1 G G x , V" G (G Ad ( 2 -i)(A)) 2£ , cz G G Ad(z -i )(x) 
So we shall define a symmetric representation variety 

z ym(G) z = {(V,c,V,c,X) G GW) x g | V G (G A ) 2£ , c^ 1 G G x , 
^ G (G Ad ( z -i (X )) 2 ^, cz G G Ad ( 2 -i)( X ), 
m(F) = exp(A/2)cc, m(V') = exp(-Ad(z" 1 )X/2)cc} 



Our next goal is to rewrite Zy M (G) z without using z. Given (V,c,V,c,X) G Z^{G) Z , we 
have cz G G Ad ( z -i)pn, which implies Ad(z^ 1 )(X) = Ad(c)(A). So 

m(V') = exp(-Ad(c)(X)/2)cc = cexp(-X/2)c. 

We also have 

cc G Gx, V G (G Ad ( g )(x)) 2£ , cc G G Ad ( 5 )(x), 

which imply 

cVc- 1 G (Gx) 2 ^. 

Define 

z ym(G) = {(V,c,V,c,X)eG 2 ^x B \V,cVc~ 1 e(G x ) 2e , 
m(V) = exp(X/2)cc, m{V) = cexp(-X/2)c} 

Then 

Z^ M (G) Z = {(V,c,V,c,X) G Z^ M (G) | Ad(c)(X) = Ad^ 1 )^)}, 
where V, V G G 2<? , c,c£G,l£g, and 

4m( g ) = U z ym( g ) z - 

The involution f s : A(P) — > .A(-P) induces a map r 2 : Zyj^G) 2 — > Z Y ^(G) 2 1 given by 

(V, c, y, c, A) i ^ (V, c, V, c, -Ad(^- X )A), 

or equivalently, 

(9) (V, c,V,c,X)^(V, c, V, c, — Ad(c)X) . 

Note that defines an involution r : Zy^(G) — > Z Y ^(G). Similarly, the involution f s : 
»4(-P) — > A{P) induces an involution r : Z^ A (G) — > Zyy^(G) given by 

(10) (y,d,c,y,(J,c,A) ^ (F,(i,c,y,d,c,-Ad(c)X). 
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4.4. Symmetric representation varieties. In this subsection, i = 1,2. Based on the dis- 
cussion in Section 14.31 we define symmetric representation varieties as follows: 

z ym( G ) = {(V,c,V,c,X)eG 2 ^ xgl^cVc- 1 e(G x ) 2£ , 

m(V) = exp(X/2)cc, m(V") = cexp(-X/2)c} 
Z^iG) = {(V,d,c,V,d,c,X) G G 2{2t+2) x g | V,dT 1 cVc- 1 d G (G x ) 2e , d~ l ,cc£G x 

m(V) = exp{X/2)cdc~ 1 d, m(V) = cdexp(-X/2)c~ 1 d} 

where m(ai, b\, . . . ,ag, be) = rii=i[ a i) M was defined in Section [241 

Lemma 4.2. For i = 1, 2, define : G^+O x g -» x fl 6y 

^(V.^.c,!) = (^ct^c- 1 ,^) 
^ 2 (V,d,c,V,d,c,X) = (y,d- 1 cr(y)c- 1 (i,^ 1 ,cc,X) 

where V, V G G 2 ^, c, d G G, X G g, and t(oi, 6i, . . . , a^, 6^) = (6^, ae, . . . ,b\, a\). Then 

^(4;(G)) = 4t ! " l! °(G). 

There are inclusions Z^ t (G) <— > Zy^G) given by (V, u, V", u) i— > (V, u, V", u, 0), where V, V" G 
G 2 ^, and u, u G G' . We use the same notation for in Lemma [2.3l and Lemma [4. 2 \ since $g 
in Lemma 12.31 is just the restriction of Qq' in Lemma 14.21 

Proof of Lemma gg| . 1. Claim: ^(^(G)) C 4m (G). 

Given (V, c, V", c, X) G ^ Y m( G )> where V,V E G 2£ , c, c G G, and X G 0, we have 
V, cFc" 1 G (G X ) M , m(V) = exp(X/2)cc, m(V) = cexp(-X/2)c 
Straightforward calculations show that cc = exp(— X/2)m(V) G G x , and 

m(cr(F)c- 1 ) = cm(t(V*))c _1 = exp(X/2) (cc)" 1 . 
So if (y,c,F,c,X) G ^(G), then 

m(y)m(cr(F)c~ 1 ) = exp(X/2)cc exp(X/2) (cc)" 1 
= exp(X/2)exp(Ad(cc)(X)/2) = exp(X) 

where we have used cc G Gx, i-e., Ad(cc)(X) = X. In other words, 

$f(V,c,V,c,X) = (y,ct(V)c-\X) G X&°(G). 

2. Claim: X^°(G) C ^(^(G)). 

Given (Fi, V^X) G X Y ^(G), where Vi, Vfc G G 2£ and X G g, we have 

Vt, V 2 G (G x ) 2e , m(F 1 )m(V r 2 ) = exp(X). 
Let c = exp(-X/2)m(Vi). Then c G Gx, and 

c = exp(-X/2) exp(X)m(y 2 )~ 1 = exp(X/2)m(x(V 2 )) 
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We have 

m(Vi) = exp(A/2)c, m(t(V 2 )) = exp(-A/2)c = cexp(-X/2), 



so 



(V 1 ,e,t(V 2 ),c,X)€Z% A (G), 

and 

(V U V 2 ,X) = ^{V u e,x{V 2 ),c,X) G d>^(^(G)). 

3. Claim: *%{Z&{G)) C X^G). 

Given (V, d, c, V, d, c, X) G Z Y ^(G), where V, V G G 2 ^, d, c, d, c G G, and X 6 g, we have 
V, d- 1 cr(F) c -1 d G (Gjf) M , m(V) = exp(-Y/2)cdc -1 d, m(V) = cdexp(-X/2)c- 1 d. 
Straightforward computations show that 

m(V r )m(d~ 1 cr(y)c- 1 d)[d- 1 ,cc] = m(V r )d" 1 cm(y)~ 1 c" 1 d[d^ 1 , cc] 
= exp(A/2) exp(Ad(cc)(A)/2) = exp(A) 

where we also used cc G Gx, he., Ad (cc) (A) = X. In other words, 

$J 2 (V,d,c, V,d,c,A) = (V,d~ 1 cx(V)c- 1 d,d~ 1 ,cc,X) G Xy+^G). 

4. Claim: X*+ lfl {G) C ^ 2 (^(G)). 

Given (Vi, V 2 , a, b, X) G X^'°{G), where V\,V 2 G G 2£ and a, 6 G G, we have 
Vi, Va G (Gx) 2 ', a, 6 G G x , m(Vi)m(V 2 )[a, b] = exp(A). 



Let 



Then 



and 



d = a 1 , d = aexp(— X/2)m(Vi), c = a 1 , c = a&. 
exp (A/2) cdcT^d = m(Vi), 



cdexp(-X/2)c _1 d = a&a -1 exp(-X/2)6 _1 exp(-A/2)m(Vi) 
= [a,b]exp(-Ad(b)(X)/2) exp(-X/2) exp(X)(m(V 2 )[a,b])- 1 = m(t(V 2 )) 
where we have used that b G Gx (i.e. Ad(6)(A) = A) in the last equality. So 

(y 1 ,d,c,t(y 2 ),d,c,A)G4 2 ,(G), 

and 

( Vi , V 2 , a, 6, A) = $£ 2 ( V : , d, c, x (V 2 ) , d, c, A) . 

Let G 2 act on Z$m(G), £$m(G) by 

(51,52) • (V,c,V,c,X) = (g 1 Vg ] ; 1 ,g 1 cg 2 1 ,g 2 Vg 2 1 ,g 2 cg ] ; 1 ,Ad(g 1 )(X)), 
(91,92) ■ (V,d,c,V,d,c,X) = (g 1 Vg i ; 1 ,g 1 dg^ 1 ,g 1 cg 2 1 ,g 2 Vg 2 ; 1 ,g2dg 2 1 ,g2cgi 1 ,Ad(g 1 )(X)), 



□ 
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respectively, where V,V £ G 2e , and gi,g2,c,c,d,d G G. Slight modification of the proof of 
Lemma 12.41 gives the following: 

Lemma 4.3. The surjection : Zy l M (G) — > Xy^*~ 1 '°(G i ) induces homeomorphisms 

(11) ^ym(G)/G 2 = X^-^iCO/G = Hom(r M (S^- 1 ),G)/G 
and a homotopy equivalence 

(12) ^ym( g ) ~ x ym ( g ) 
between homotopic orbit spaces. 

4.5. Involution on representation varieties for Yang-Mills connections. 

Lemma 4.4. For i = l,2, define r : G 2{2i+i ^ x g -» G 2 (^ +i ) x g oy 

r(y,c,?,c,X) = (V-,c,V,c,-Ad(c)Jr) 
T(V,d,c,y,J,c,X) = (y,d,c,V,d,c,-Ad(c)X) 
w/iere V G G 2<? , c,c,d,d G G, X G q. Then 

r(Z&(G)) = Z&(G) 
and r o r restricts to the identity map on Zy l M (G). 



Remark 4.5. Based on Q and (|lUp . i/ie involution r defined in Lerama \^.4\ is the one induced 
by the Z/2Z deck transformation on the double cover. 

Proof of Lemma \4.4\ We first prove r(Zy^(G)) C Z^ L (G). 

i = 1: Given (V, c, V, c, X) G Z^(G), where V, V G G 2e , c,c£ G, and I £ g, we have 

V^cVc- 1 £(G x ) 2e , cc£G x 
so c~ 1 Vc = (cc)~ 1 (cVc~ 1 )(cc) G (G x ) 2i , or equivalently, 

(i) F G (cGxc" 1 )^ = (G Ad{E)(x) ) 2f = (GL Ad(5)(x) ) 2 ^. 

If we let X = -Ad(c)(X), then we have V G (G x ) 2i . We also have 

(ii) cVc~ l G (cGxc" 1 ) 2 ^ = (G Ad(c - )(x) ) 2 ^ = (G x r 
To summarize, we have 

(13) V,cVc- 1 £(G x ) 2e . 
We also have 

(14) m(V) = cexp(-X/2)c = (cexp(-X/2)c~ 1 )cc = exp(A/2)cc 

(15) m(V) = exp(A/2)cc = ccexp(A/2) = c(cexp(X/2)c" 1 )c = cexp(-A/2)c 
By (USD, CHD, (USD, we get t(V,c,V,c,X) = (V, c, V, c, X) G #5&(G). This proves 

r(Z&(G)) C Z&(G). 
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i = 2: Given (V,d, c,V,d,c,X) G Z^(G), where V, V G G 2£ , d,c,d,c G G, and g G X, we 
have 

V, d^cFc^d G Gf , cc G Gx , 
so cT x Vc = (cc)~ 1 d(d~ 1 cVc~ 1 d)d~ 1 (cc) G G 2 ^, or equivalently, 

(i) V G (cGxcr 1 )^ = (G Am{x) r = (G x r, 

where X = — Ad(c)(X). We also have 

(ii) ^{ccjc = cc£ G x , i.e. cc G G A d(e)(x) = Gjf- 
On the other hand, 

(iii) c' x dc = (cc)" 1 exp(-X/2)m(y)ci- 1 (cc) G G x , i.e. d G G^. 

(iv) V G (G x ) 2£ , so cVc- 1 G (G A d(c)x) 2£ = (G A ) 2£ , and thus d^cVc^de (G x ) 2£ - 
To summarize, we have 

(16) V 1 d- l cVc- x d G (G x ) 21 , eT^cc G Gjj 
We also have 

(17) m(V") = cdexp(-X/2)c' 1 d = cexp(-X/2)dc~ 1 d = exp(X/2)cdc~ 1 d 

m(V) = exp(X/2)c(ic" 1 d = cd • ^T 1 (cc)~ 1 ceacp(X/2)c~ 1 (cc) • d • c _1 d 
' ' ' = cd exp(Ad (d -1 ) o Ad ((cc)" 1 ) (-X)/2) c _1 d = cdexp(-A > /2)c" 1 d 

where we have used d _1 , (cc) -1 G Gjj in the last equality. By (fT6j) . (fTT|) . (fTBj) . 

r(V, d, c, V", d, c, A) = (F, d, c, V, d, c, X) G Z&(G). 



This proves 



r(Z^(G)) C Z&(G). 



It remains to show that tot: Zy\AG) — ► Zy^(G) is the identity map. We first consider 
the case i = 1: given (V,c, V", c, X) G Z Y m(G), 

to T {V,c,V,c,X) = T{V,c,V,c,-Ad{c)(X) = (V, c, V, c, Ad(cc)(A)) = (V, c, V", c, -X") 

where we have used cc G Gjjc ■ The case i = 2 can be proved in the same way. 
Thus we have 

r(Z&(G)) C Z&(G), 4m(G) = r o r(Z&(G)) C r(Z&(G)). 

□ 
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4.6. Representation varieties for nonorientable surfaces. From the above discussion we 
have 

(19) (J M(P)/G(P) - Z^{GY/{G x GY 

PePrin G (Sf) 

for i = 1,2, where t: GxG^GxG is given by (ffi, 52) l— * (92, 9i)- We now relate the right 
hand side of (fl~9|) to representations of the super central extension T^(Ef) of 7Ti(E|). 

rR(S^) is generated by 

Ai,E>i, . . . , Ag, E>£, C, J r 

where r£l, with relations 

(1) Jr\Jr2 Jr\+T2 

(2) AiJrAr 1 = BiJ r Br x = J r , i = l,...,£, r£R. 

(3) CJ^- 1 = J_ r , rel. 

(4) ntj^^^^c 2 - 

Let p : rm(Ej) -> G be a group homomorphism. From the relation (1) we must have p(J r ) = 
exp(rX) for some X E q. From the relation (2) we must have p(Ai), p{Bj) E Gx- From the 
relation (3) we have Ad(p(C))(X) = —X. Combined with the relation (4), Hom(rig(S(), G) 
can be identified with 

xf M {G) = {(V,c,X) E G 2e+1 x I V E (G x ) 2e ,Ad(c)(X) = -X,m(V) = ex P (X)c 2 } 
There is a homeomorphism Xy^G) Zy^G) 7 " given by 

(V,c,X) 1 * {V,c,V,c,2X), V E G 2e , c E G, X E g. 
There is an inclusion X^ t (G) Xy^^G) given by (V, c) 1— ► (V, c, 0). 
rM(S|) is generated by 

Ai,Bi, . . . , Ae, Bi, D, C, J r 

where r£R, with relations 

(1) Jr\Jr2 = Jr\+T2 

(2) Ai J r AT 1 = B l J r B i - 1 = DJ r D- 1 = J r , i = !,...,£, r£l, 

(3) CJrC- 1 = J_ r , r E R. 

(4) nii^i^^^c^c -1 ^- 

Let /9 : r^E^) -* G be a group homomorphism. From the relation (1) we must have 
p(J r ) = exp(rX) for some X E Q. From the relation (2) we must have p(Ai), p{Bj), p(D) E 
Gx- From the relation (3) we have Ad(p(C))(X) = —X. Combined with the relation (4), 
Hom(rR(£2), G) can be identified with 

4m( g ) = {(V,d,c,X)eG 2e+2 xQ\Ve(Gx) 2£ ,deGx, 
Ad(c){X) = -X, m(V) = exp{X)cdc~ 1 d} 
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There is a homeomorphism Xy 2 J[ (G) Zy 2 J[ {G) T given by 

(V, d, c, X) ^ (V, d, c, V, d, c, 2X), V £ G 2i , d,ceG,X Gq. 
There is an inclusion X^ 2 t (G) Xy^G) given by (V,d,c) (V,d,c,0). 
We obtain the following analogue of Theorem 14.11 for nonorientable surfaces. 

Theorem 4.6. There is a bijective correspondence between conjugacy classes of homomor- 
phisms Tk(S) — > G and gauge equivalence classes of Yang-Mills G-connections over S. In 
other words, for i = 1,2, we have 

|J M(P)/g (P) = Hom(r a (Ef),G)^X^(G), 

PGPrin G (Sf) 

(J M{P)/g{P) = Hom(r a (Ef),G)/G^X^(G)/G, 

PePrin G (Sf) 

where g E G acts on G 2 ^ +1 x g by 

g ■ (V, c, X) = {gVg-\gcg-\M{g){X)), 

and on G 2e+2 x q by 

g ■ (V, d, c, X) = {gVg~\gdg-\gcg-\kd{g){X)). 

4.7. Extended moduli spaces. The representation variety Xy^(G) is a subset of Lisa Jef- 
frey's extended moduli space [17]. In this subsection, we define extended moduli spaces for 
nonorientable surfaces. 

Let T,q T be the compact, connected, orientable surface with £ handles and r boundary 
components S\, . . . , S r with coordinates (s l5 . . . ,s r ) G R/Z. Let S^' r be the connected sum 
of Eq and RP 2 , and let S 2 ' r be the connected sum of Eg and a Klein bottle. The following 
discussion is a straightforward generalization of the case i = in |17j . 

Suppose that r > and i = 0,1, 2. Then any principal G-bundle P over E^' r is topologically 
trivial. Let A(P) be the space of smooth connections on P. Then 

Define 

A 9 G {T^ r ) = {A G .A(P) | F(A) = 0, = Xjdsj on some open neighborhood 
Uj of 5j for some Xj E g, j = 1, . . . , r}, 

and define the compactly supported gauge group 

Q c (T,f r ) = {s : r — » G | s(x) = e for x &U, where U is an open neighborhood of 9E i ' r }. 

We define a moduli space 

M%{^ ) = A^ r )IG%Ti r ), 
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and introduce representation varieties 

N*(^ r ) = {(V,k 2 ,...,k r ,X 1 ,...,X r eG 2i xG r - 1 xQ r \ 

m(V) = exp(Xi) exp(Ad(A;2)X2) • • • exp(Ad(Av)X r )}, 
N*{J% r ) = {(V,c,k 2 ,...,k r ,X 1 ,...,X r G G 2i x G r x g r \ 

m(V) = exp(Xi) exp(Ad(A; 2 )A A 2) • • • exp(Ad(£; r )A r )c 2 }, 
M^f) = {(V,d,c,k 2 ,...,k r ,X 1 ,...,X r £G 2e xG r+1 xg r \ 

m(V) = exp(Xi) exp(Ad(A:2)X2)) • • • e^{kd{k r )X r )cd C - l d}. 
where m(ai, &i, . . . ,0|, 6|) = ni=i[ a ^ bi] as before. In particular, 

AT^Ej 1 ) = {(y,X)GG 2 ^x |m(y) = exp(A)}, 
A/£(£f) = {(y,c,A)GG 2m x |m(y) = exp(A) C 2 }, 
^(Sj' 1 ) = {(V, d, c, X) G G 2£+2 x g \ m(V) = exp(A)cdc" 1 4, 

so 

X&(G) c A^(Ef ). 

The following statement follows from the proof of |17j Proposition 5.3]: 

Proposition 4.7. Lei £ > 0, r > fee integers, and let i = 0, 1, 2. T/ien t/iere is a homeomor- 
phism 

A4«(Ef)=A^(Ef). 

5. Equivariant Morse Stratification of Space of Connections 

In this section, we discuss the (/-equivariant Morse stratification and reduction for general 
compact connected Lie groups. As a byproduct, we reproduce and extend the results on 
connected components of the moduli space of flat connections over closed nonorientable surfaces 

[ESQ!. 

5.1. Morse stratification with involution. Let (M,g) be a Riemannian manifold. Let 
/ : M —* R be a smooth function, and let 4>t be the gradient flow of /. Suppose that the 
gradient flow is defined for any time i 6 R and the limits 

lim 4>t(x), lim (f>t(x) 

t— >oo t— *— oo 

exist for any x G M. Let N be the set of critical points of /, and let 

AteA 

be the union of connected components. Suppose that each is a closed nondegenerate critical 
submanifold of M. Given a critical subset Nu, define its stable manifold and unstable 
manifold by 

S^ = {x £ M \ lim cf> t (x) G AV|, U„ = {x G M | lim G A^}. 
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Then 

m= lk 

is a disjoint union of Morse strata. We assume that each is a submanifold of M. 

Suppose that / is invariant under some isometric involution r : M — > M. By Lemma |3.2| r 
induces an involution to : A — » A such that 

Proposition 5.1. Lei (M,uj,J) be an almost Kahler manifold with an anti-symplectic, anti- 
holomorphic involution r : M — » M. Suppose that f : M — ► R is a T-invariant smooth function. 
Suppose that Nn is a closed subset of M and a connected component of the set of critical points 
N of f. Suppose that the set 

S fl = {x£M\ lim <j) t {x) G N^} 

t — > — CO 

is an almost complex submanifold of M. If 

Sl = {xeM T \ lim &(x)€J\£} 

is nonempty, then SZ is the stable manifold of Nj t with respect to f T , and the real codimension 
of SZ in M T is equal to the complex codimension of in M . 

Note that M T and SZ are not necessarily connected. 

5.2. Morse stratification and Morse inequalities. Let £ be a closed, compact, connected 
surface. Then £ is diffeomorphic to Yi\ for some integer I > and i G {0, 1,2}. Recall that 
x(Sf) = 2 - 2£ - i. 

Let G be a compact, connected Lie group. By Theorem 14. 1 1 and Theorem 14.61 

|J ^(P)/g (P)=Hom(r M (S),G), |J N{P)/Q{P) ^Hom(r K (S),G)/G. 

PePrin G (E) PePrin G (£) 

Let 

Hom(r R (S), G) P C Hom(r K (S),G) 
be the subset corresponding to P G Princ(S), so that 

Hom(r R (S),G) = (J Hom(r ffi (S),G)p, 

P6Prin G (E) 

M{P)/g Q {P) ^ Hom(r R (S), G) P , N{P)/Q{P) Hom(r K (S), G) P /G. 

For a fixed topological principal G-bundle P over E, let 

{A/>(P) | /i G vr (AA(P))} 

be the set of connected components of jV(P). Let 0(P)' be the connected component of the 
identity of Q{P). Then G(P)' is a normal subgroup of G(P), and the discrete set 7i"o(£/(P)) 
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can be identified with the group Q(P) /Q{P)' . The action of Q{P) on N{P) is continuous, and 
induces an action of tt (£(P)) = Q{P)/Q{P)' on ir (N(P)). Define 

A = 7r (M(P))/M0(P))- 

Remark 5.2. When £ is orientable, the action of ttq(Q(P)) on 7To(AA(P)) is trivial by the 
results in [I], so A = 7To(AA(P)). 

Let 7r : 7r (AA(P)) -> A = 7r (AA(P))/7r (£(P)) be the projection. Given u e A, define 

W) = U a/ a( p )- 

Then Q(P) acts on A^(P), and M^(P)/Q{P) is connected. Note that Q{P)/G Q (P) = G is 
connected, so 

^(P) d ^A^(P)/go(P) 

is connected. 

Hom(r R (S),G) P = (J F„(P) 

is a disjoint union of connected components. Each A/"^(P) is a closed subset of M(P) thus of 
A(P). Define 

^(P) = {A e A(P) | lim <j) t {A) e N^P)} 

where (fit is the gradient flow of Lp. The limit exists by results in [8] and [28]. Notice that 
Lp is constant on each M^(P), and Lp achieves its minimum on A/" M (P) within A^{P). Each 
-4u(P) is a submanifold of ^4(P), and the map AJP) — * Nu(P) given by ^4 i— > lim ^(^4) is 

t — >— oo 

a £ (P)-equivariant deformation retraction. We have 
(20) A(P) = U A^) 

is a smooth stratification. This stratification is C/(P)-equivariant in the sense that Q{P) acts 
on each stratum. We call (|20f) the £?(P)-equivariant Morse stratification of A(P) with respect 
to Lp. 

Remark 5.3. Given £ vr (AA(P)) ; define An(P) = {A £ A{P) | lim <j) t (A) £ Afn(P)}. 

t — >— oo 

Then Ajx is a connected submanifold of A{P), and is a Morse stratum of Lp. When £ is 
orientable, the Morse stratification coincides with the Q(P)-equivariant Morse stratification by 
Remark when £ is nonorientable, a priori the Morse stratification can be finer than the 
Q(P)-equivariant Morse stratification. 

We now assume that x(^) < 0- Let N ss be the set where the Yang-Mills functional Lp 
achieves absolute minimum. Then M ss is connected (by results in [1] when £ is orientable, 
and by Theorem 15.61 when £ is nonorientable) . N ss is the unique connected component of the 
critical set M(P) with zero Morse index, and its stable manifold A ss is the unique codimension 
zero Morse stratum (which is also a £?(P)-equivariant Morse stratum). Define 

v ss {p)=M ss /g Q {p). 
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Then V SS (P) is connected. 

When the obstruction class o(P) G H 2 (T,, 7Ti(G)) is a torsion element (which is always true 
when X is nonorientable), Af ss (P) = Mq(P) is the space of flat connections on P, and 

F ss (P)^Hom(7r 1 (E),G')p 

where Hom(7Ti(£), G)p is the connected component of Hom(7Ti(E), G) associated to the topo- 
logical G-bundle P (see P3G3]). 

In general, we are interested in the cohomology of the moduli space A4(P) of gauge equiv- 
alence classes of minimal Yang-Mills connections on P. More explicitly, 

M(P) =N SS (P)/G(P) - V SS (P)/G. 

When A4(P) is smooth and Q{P) acts on J\f ss (P) freely, we have 

H*(M(P);Q) * H* {p) (Af ss (Py,Q) * H* G (V SS (P);Q). 

The deformation retraction r : A^(P) — > A/^(P) given by the gradient flow of Lp is Q{P)- 
equivariant, thus the following equivariant pairs are equivalent for the purpose of (singular) 
equivariant cohomology: 

(M p )MP)) ~ (M,(P)MP)) ~ (K( p )/Go(P),9{P)/Go(P)) ~ (V,(P),G). 
In other words, we have the following homotopy equivalences of homotopic orbit spaces: 

A^{P) hG[p) ~ N^{P) hG{p) ~ V„{P) hG . 
As a consequence, we have the following isomorphisms of (singular) equivariant cohomology: 
(21) H* g{P ){M p )'&) = Hg(P)(K( p )->Q) = HhWP);®). 



P GiP \A,(P);K) = Y / t l dimW g(p) (A,(P);K) 



Let K be a field and let 

" " '' .'-t;; I I ■ ' v ; 

i>0 

be the equivariant Poincare series. Let 
(22) 

M? {P \L P ;K) = Y,t^Pf (P \MPyK) = P? {P) (A SS (P);K) + £ t^P^ P) (A,(P);K) 
AteA ^eA' 

be the Q(P) -equivariant Morse series of Lp : .A(-P) — > R, where is the real codimension of 
the stratum A^P) in A{P) and A' = {fi G A | A M > 0}. 

The Morse stratification is smooth and ^(P)-equivariant, so we have equivariant Morse 
inequalities [19] : there exists a power series -Rft-(i) with nonnegative coefficients such that 

(23) M? {P) (Lp;K) - pf {P \A{PyK) = (l + t)R K (t). 

A priori (|23p holds for K = Z/2Z. If the normal bundle v{Au) of A^(P) in A(P) is orientable 
then (|23p holds for any AT. When S is orientable, ^(«4^) is a complex vector bundle and has a 
canonical orientation. 
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flZIH and <|22H imply 

(24) M? {P) (L P ;K) = £ t^P t G (V^P); K) = P t G (V SS (P); K) + £ i A "P t G (^(P); 

^eA jueA' 

where now we consider the equivariant cohomology of V fl (P), the representation variety, which 
is finite dimensional but singular, as opposed to A^P), which is smooth but infinite dimen- 
sional. 

5.3. Equivariant Poincare series. When S is orientable, Atiyah and Bott pQ provide an 
algorithm to compute the equivariant Poincare series 

P? {P \A SS (P);Q) = Pf (P) (AUP);Q). 

We now outline this algorithm. 

Let G c be the complexification of G. Then G c is a connected reductive algebraic group 
over C. (For example, if G = U(n) then G c = GL(n, C).) There is a bijection 

Prin G (S) -> Prin G c(S) 

given by P i — ^ P x q G c . 

We can consider C(£), the space of (0, l)-connections on £ = P xg G c . Using Harder- 
Narasimhan filtration, Atiyah-Bott gave a stratification for C(£) by 

c(0 = U c m(0 

where \x denotes Harder-Narasimha type fi and each is connected ([U Chapter 7, 10]) . 

Atiyah-Bott proved that the Harder-Narasimhan stratification is Q -equivariantly perfect 
over Q, i.e. 

(25) Pf (C(0;Q) = Pf (Cm(0;Q) + E ^^(^(OiQ) 

where C ss is the semistable stratum, 5' = {fx G S | C M (£) 7^ C ss (£)}. Now C(£) is contractible, 
so 

(26) H* c (C(0;^) = H* gC (pt;Z) = H*(BG € ;Z) = H*(BG(P);Z). 
Thus 

(27) p(ps(p) ; q) = pf (c„(0;Q) + £ i A ^f(c M (6;Q)- 

MSB' 

On the other hand, there is a natural isomorphism i : C(£) — ► -4(P), and it was proven in 
[8] (conjectured by pQ) that the Harder-Narasimhan stratification coincides with the Morse 
stratification defined by Lp as in Section [572]. i.e. S = 7To(AA(P)) = A. So the codimension 
of C M in C equals to the codimension of A^ = i(C^) in .A. In particular, A ss = i(C ss ). The 
moduli space A4(P) of minimal (central) Yang- Mills connections on P can be identified with 
the moduli space of 5-equivalence classes of semi-stable holomorphic structures on £ [29| [Tj . 
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The equivariant perfectness of Harder-Narasimhan stratification (J C M now implies that 
P?(A(P);Q) = Pf (C(0;Q) = E^^f (C M (C);Q) = ^^Pf(^(P);Q) = Mf (p) (L P ;Q) 

i.e. P(Q)(t) = and Morse stratification is ^(P)-equivariantly perfect: 

(28) Pt(BG{P); Q) = P?(V SS (P); Q) + E ^ P * G (W); Q)- 

/LteA' 

The equivariant pair (V^(P),G) can be reduced further (cf: [U Section 10]): 

{V ft (P),G)~(V„(P ft ),Gj 

where is a compact Lie subgroup of G with dim^ G M < diniR G, and P M is a principal 
G^-bundle. So we have P t G (^(P);Q) = Pf *(F SS (P M ); Q) and 

(29) P t (Pg(P);Q) = P G (F SS (P);Q) + £ t^P^ (V ss (P^); Q) • 

mgA' 

The left hand side of (|29|) can be computed; a formula for the case G = U(n) is given by 
[H Theorem 2.15]. So Pp(V ss (P); Q) can be computed recursively. The case G = U(n) is 
particularly nice because 

Ul. G^j is of the form U(ni) x • • • x U(n r ) so the induction reduction does not use other 
groups. 

U2. H*(Bg(P);Z) is torsion free, so rankiP(Pg(P); Z) = diniQ H i (BQ(P); Q). 
Neither Ul nor U2 is true for a general compact connected Lie group G. 

Finally, we point out the difficulties in generalizing the above approach to nonorientable 
surfaces. 

Nl. It is not clear if v{A^) is orientable in general, so a priori Morse inequalities hold only 
for Z/2Z: 

(30) P t (PS(P);Z/2Z) = Pf(F ss (P);Z/2Z) + £ t x » P t G (V^P); Z/2Z) - (1 + t)R %/2Il {t). 

N2. The left hand side of ([H is difficult to compute when H*{BQ(P);Z) has 2-torsion 
elements. When £ is nonorientable, H*(BQ(P);7 J ) has 2-torsion elements even when 
G = U(n). (We thank Paul Selick for pointing this out to us.) 

N3. Suppose that for a particular P we can prove that v(A^) is orientable for all \x £ A. 
We can consider rational cohomology 

(31) Pt(BG(P); Q) = P t G (V ss (P); Q) + ^ t A "P t G (^(P); Q) - (1 + t)R Q (t). 

Although P t (P£/(P);Q) is easier to handle than P t (P£/(P); Z/2Z), it is tricky to com- 
pute Rq(t), which is not necessarily zero. 
N4. When the base X of the principal G-bundle P is nonorientable, we still have reduction 
(V^(P),G) ~ (^(P'^G^) where G M is a compact Lie subgroup of G with dini^G^ < 
dmiK G, but V^(P') is not of the form U SS (P M ) where P M a principal G^-bundle over X. 
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We will describe equivariant Morse stratification and the reduction N4 for G = U(n) in 
Section [7] of this paper, and for other classical groups in [13]. We will address N1-N3 in future 
works. 

5.4. Connected components of moduli spaces of flat connections. Let G be any com- 
pact connected Lie group. Let £ be a closed, compact, connected, nonorientable surface, and 
let 7r : S — > S be its orientable double cover. Let P — > £ be a principal G-bundle. By Propo- 
sition [231 the pull back principal G-bundle P = ir*P —* £ is topologically trivial, and there is 
an involution f : P — > P which covers the deck transformation r : £ — > £ such that P/f = P. 

The involution f induces an involution f* on the space A(P) of connections on P, and A(P), 
the space of connections on P, can be identified with the fixed locus A{P) T * . Each Q{P)- 
equivariant Morse stratum Au(P) of Lp is a union of connected components of A f _ l (P) T = 
A^{P) n A(P) T , where A^{P) is a Morse stratum in A(P). The real codimension of A^P) 
in A(P) is equal to the complex codimension of A^(P) in ^4(P) (see Proposition I5.ip . 

Let A/"o(P) and Mq(P) be the space of flat connections on P and on P, respectively. Then 
A/" (P) = A/"o(P) f *. By discussion in Section [OJ 7V (P) is nonempty. Let .4 a4[ (P) = A SS (P) D 
A(P) T be the stable manifold of A/"o(P) = A/" SS (P), so that it is the union of all codimension 
zero Morse strata. By results in [I], _4 SS (P) is connected when x(^) < 0- We will show that 
Ass(P) is connected when x(£) < 0. 

Proposition 5.4. Given two points Aq,A\ G ^t ss (P), i/iere exists a smooth map 7 : [0,1] — ► 
-4,(P) suc/t that 7(0) = ^4o; 7(1) = A\, and 7 is transversal to A^(P) if d^ > 0. In particular, 
7 _1 (^4 M ) is empty if > 1. 

Proof. Let SI = $7 1 (S,adP) be the vector space associated to the affine space A{P). Given 
Aq,Ai G As(P), define 

$:[0,l]xfi-> A(P), a) = (1 - i)A + L4i + sin(vrf)a. 

Note that 

= 2(^0 + ^1) + a 
so 3> is surjective. d$u >a \ : K x SI — > S7 is given by 

(32) (u, 6) 1 ^ ((Ai - A ) + 7r cos(7rt)a) « + sin(7rf)6 

where u E R, 6 G Jl. Given a G filet 7a(i) = 3>(i,a). Then 

d$(t, a ){u,b) = d(7a)t(u) + sin(vri)& 

We claim that is transversal to .A^(P) for any \i G A'. Fix A G A', we need to show that 

im (d<& M ) + r* (tiB) ^(p) = r* (tj0) ^(P) = n 

for any (t,a) G <£> _1 („4 M (P)). Note that *(0,a) = A G As and $(l,a) = G A SS (P) for 
any a G SI, so if (t,a) G 3> _1 (.A M (P)) we must have < t < 1. By (|3"2j). Im(d$( i a )) = O if 
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< t < 1. So $ is transversal to A^(P) for any /x G A'. We conclude that $ 1 (yl (U (P)) is a 
submanifold of [0, 1] X O of codimension d^; it is nonempty because $ is surjective. 

For any \i £ A', we define 7r M : — > by (i,a) i— > a. By Lemma [531 a is a regular 

value of 7r^ if and only of j a : [0,1] — ► *4(P) is transversal to A^P). Let 0^ be the set of 
regular values of ir^. By Sard-Smale theorem, Q M is residual in ft. So 

MeA' 

is residual in 17. By Baire category theorem, Q' is nonempty. For any a £ SI', 7 a : [0, 1] — ► .A(P) 
has the desired properties. □ 

Lemma 5.5. Let X,Y,Z be linear spaces, and let W be a linear subspace of Z. Let L : 
X x Y —* Z be a linear map such that Im(L) + W = Z. Let vr : -> Y be defined by 

(x,y) i— > y. T/ien 7r is surjective if and only if L(X x {0}) + W = Z. 

Proof. (1) Claim: 7r is surjective =¥ L(X x {0}) + W = Z. 

Given any z £ Z, we have z = L(x, y) + w for some (x, y) £ X xY and w G W. Since 
7r is surjective, there is (a/, y') G AT x Y such that L(V, y') = w' £ W and 7r(x', y') = y. 
We have 

L(x,y) + w = z, L(x',y') - w' = 0, y = y', 

so 

2 = L(s - x, 0) + (io + w') £ lm(X x {0}) + W. 

(2) Claim: L(X x {0}) + W = Z =>- ir is surjective. 

Given any y £ Y, we have L(0, y) G Z, so L(0, y) = L(x, 0) + w for some x £ X and 
u> G W . We have L(—x,y) = w so (— x,y) G L _1 (W) and 7r(— x,y) = y. 

□ 

We now assume that x(E) < 0- The formula of is given by [TJ (10.7)]: 

d„ = Yl («(^) + 5 - 1) > 
a(At)>0 

where y > 2 is the genus of E. Note that d^ > 2 if ^ 0, so the real codimension of any 
lower stratum in A(P) is at least two. Since A/o(P) is a deformation retraction of A SS (P), 
Proposition 15.41 implies the following. 

Theorem 5.6. Let £ be a closed, compact, connected, nonorientable surface with negative 
Euler characteristic, or equivalently, £ = £^ where i = 1,2 and ^ > 1. Let G be a compact, 
connected Lie group, and let P be a principal G-bundle over £. TTien i/ie space A/o(P) of flat 
connections on P is nonempty and connected. 

Corollary 5.7. Let P be as in Theorem \5.6l Then the moduli space M(P) of gauge equivalence 
classes of flat connections on P is nonempty and connected. 
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Note that the connectedness of A/o(P) implies the connectedness of M.[P) = Nq(P)/G(P), 
but not vice versa, so in general Theorem 15.61 is stronger than Corollary 15.71 

Corollary 15.71 extends |X3|, Theorem 5.2] to the case £ = 4RP 2 . We thank the referee of [11] 
for suggesting this approach to us. During the revision of this paper, D. Ramras obtained the 
following extension of Theorem 15.61 in the case G = U(n) (see [30, Proposition 4.9]): 

Theorem 5.8. Let £ be a closed, compact, connected, nonorientable surface which is not MP 2 
(or equivalently, x(E) ^ 0)- Let P be a principal U(n)-bundle (n > 2) over E, and let Mo(P) 
be the space of flat connections on P. Then A/o(P) is (1 — x(E))(n — 1) — 1 connected. 

6. t7(n)-CONNECTIONS ON ORIENTABLE SURFACES 

6.1. Connected components of the representation variety and their reductions. Any 

point in 

Hom(r K (££),[/(n))/[/(n) * X^ M {U{n))/U{n) 

can be represented by (V, X) G U{n) 21 x u(n), where X is a diagonal matrix. Actually, there 
is a unique representative such that 

' Mi 



X = -2vrV Z T 



\l r , 



where fix > ■ ■ ■ > \i n . Suppose that 

I 1 = it 1 ! )•••>/%) = ( ^li • • • i Aj ] . . . , A m , . . . , Am ) 

ni Urn 

where Ai > • • • > A m and n\ H + n m = n. Then 

U(n) x = U{ni) x • • • x U(n m ), 

and 

exp(A) = m(V) G S*7(ni) x • • • x SU(n m ) 
where m(ai, bi,...,ag, bi) = Y[i=ii a i> h] as before. 

Given an rij x nj matrix Aj, let diag(^4i, . . . , A m ) denote the n x n matrix 

/ A x 



\ A n 
where n = n\ + • • • + With this notation, we have 

X = -27r\/ z Tdiag (AiJ ni , . . . , A m /„ m ) , 
exp(X) = diag^^ 1 /^,...^- 2 ^^/^), 
where e _27rv/3TAj / nj . G SU(rij), or equivalently, e-^v-Tn^j = l. So 

kj = XjUj G Z 
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and 

X = -2vrv /r Tdiag('— I ni , . . . , —I nm )- 
For each pair (n, k) G Z>o x Z, define 

— 1 A* = (,^1, ■ ■ ■ , MnJ = I , , , 

I \ni ni ra m n m / 
<> ' <> ' 



m m k k 

G Z>o, % G Z, ^ nj = n, ^ kj = k, — > ■ ■ ■ > — ^ \ 



Given 
(33) 




let 

(34) x M = -2^ v /r Tdiag(^/ ni ,...,^/ nm ) 



ni n, 
and let C M be the conjugacy class of X^. 

Note that if (V,X) G .^^([/"(n)), then X £ for some /i G Ufcez-^n,fc- F rom now on ) we 
identify Hom(r M (S^), I7(n)) with X^{U{n)). 

Given // G Ufcez 1 "^, define 

X&(U(n))p = {(V,X) G U(n) 2e x \ V G (£/(n)x) 2£ , m(F) = exp(X)}. 

Then 

xZ(U(n)) = U U 4m(^WV 

The G-action on Xy^t^n)) preserves X-^fjUfo))^ We will show that 
Proposition 6.1. 

{X^ M {U(n))^ | /x G |J /„,*} 

are the connected components of Xy^U (n)) = ~Rotsi{T-^{T I q) , U(n)). Given 

/ or \ / \ /k\ k\ k m k m \ 

(35) ii= (//!,...,//„) = ( — ,...,—,..., ) G J njfc . 

ni ni n m n m y 

V „ ' N v ' 

ni n m 

we have a homeomorphism 

m 

(36) xZ(U(n)),/U(n) = Hx^ M (U(n,)) k _ z k jU{n 3 ) 

j=l n j''"' n j 
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Proof. Let fx be as in pSft. Let vr : X^(?7(n)) -» be defined by (V,X) ^ X. Then 7T is a 
fibration, so there is a homeomorphism 

(37) Xf M {U{n))^U{n) = ^\X^)/U(n) x ^ 

where U(n)x^ = U(n\) x • • • x U(n m ). We have 

tt-\X^ 5= {VeU(n)^\m(V) = exp(X fl )} 

m 

= ]J{V G I tn(F) = e- 27rV3T ^/^'J n .} 

m 



This proves ([36]) . The set 



is nonempty and connected by [13} Theorem 3]. So 7r (X^) is nonempty and connected. 
Together with (j37|) . this implies that X^AUln))^ is nonempty and connected. 

Define T : X%(U(n)) -> M n by 

r(F ,X) _ (^) W) 

where V G U(n) 2 ^ and X G u(n). The characteristic polynomial 

P x (t) = det(tJ - X) = (i + 2vrv /r T^i) •••(* + 27r v /r T / u n ) 

of a matrix X is determined by TrX, Tr(X 2 ), . . . , Tr(X n ) and the conjugacy class of X in u(n) 
is determined by Px(t), so T(V,X) = T(V',X') if and only if X and X' are in the same 
conjugacy class. 

Given /i G Ufcez J n,fc, define 

n n n 

i=l i=l i=l 

Note that i?^ = iy if and only if fj, = p! . 

The function T is a continuous function, and its image {v^ \ \x G Ufcez * s a discrete set, 

so 

{X^ M {U{n)), = T~\v^) | /x G |J 7 n>fe } 

fcez 

are connected components of xJ^AU(n)). □ 
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6.2. Equivariant Morse stratification and equivariant Poincare series. Let P n,k be 
the topological principal [/(n)-bundle on Sq with c\(P n,k ) = k[u>] € H 2 (Y,q). Let A n ' k be the 
space of [/(n)-connections on P n,k , and let J\f n,k C A n,k be the space of Yang-Mills U(n)- 
connections on p n > k . Let Q n,k be the group of gauge transformations on P"> fc ; and let Qq ,k be 
the subgroup of gauge transformations which take value the identity e at a fixed point so S Sq. 
We have 

Hom(T R (Eg),l7(n)) = (J Hom(T R (Eg), U(n)) k , 

fcez 

where Hom(T]R(£Q), U(n))k = M n - k jQ^ k . The connected components of Hom(rR(Eg), U(n))k 
are 



Let Af/j, be the preimage of X^ M (£7(rj))^ under the projection 

N n,k ^ M n,k /g n,k ^ Hom(rR (^ ); r/ (ri )) fe . 

so that X^(LT(n)) M = N^/G^P). 

We fix (n, A;) G Z>o x Z, and write ^ = £/ ra,fc . Let .A^ be the stable manifold of with 
respect to Yang-Mills functional. Then 

A n > k = |J ^. 

is the ^-equivariant Morse stratification of A n,k given by the Yang-Mills functional [TJ [HJ [29l [33] . 
Let be the real codimension of An in A n ' k . It was computed in [H Section 7] that 

■V = 2d M , = - + (f - !))■ 

The gradient flow of the Yang-Mills functional gives a ^-equivariant deformation retraction 
Af! — > ACi- For the purpose of equivariant cohomology, the following equivariant pairs are 
equivalent: 

G4 M ,S) ~ (^^) ~ (X^ M (U(n))„U(n)). 
In other words, we have the following homotopy equivalences of homotopic orbit spaces: 



/' 



Together with the reduction Proposition 16. Q we conclude that 

Theorem 6.2. Let K be a field. For any 

i \ / k% k% k m k m \ T 

M = l/^l) ■ ■ ■ > /M = ( > ■ ■ ■ ) > ■ ■ ■ ) j • • • ; J t J n,&> 

ni ni n m n m [ 

ni 

we have 



m 

(38) H* g (A»K) = H* g {N,;K) = H* {n) {X^ M {JJ '(n)) M ; if) - (g) ^.^(P 71 ^); *Q, 

j'=i 
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m 

(39) Pf{A^K) = Pf(M,;K) = P^ n \xZ(U(n))»;K) = J] P^\v ss (P n ^); K). 

i=i 

6.3. Involution. Given /j, G I n ^, define 

4m(^H)m = {(V, c, V, c, X) G U(n) 2 ^ X C M | V, cFc" 1 G (t/(n) x )^, 

m(V) = exp(X/2)cc, m(F) = cexp(-X/2)c} 
4m(^W)^ = {(V,d,c,V,d,c,X) G U{n) 2 ^ x C„ | V,d~ 1 cVc~ 1 d £ (U(n)x) 2e , 

dT x ,cc G f/(n)x, m(y) = exp(X/2)cJc _1 d, m(V") = cdexp(-X/2)c" 1 (i} 

Then for i = 1,2, 

4m(^)) = U U 4m(^HV 

*^)(4m(^))m) = V(™)V 
Define r : -> /„ _ fc by 

(Mi, M2, • • • , Mn) ^ (~fhi, ■■■ , -V>2, 
It is easy to check that if X G C M then — Ad(c)(X) G C TQ uy So 

Thus we conclude that: 
Theorem 6.3. The set 

Z^u(U(n))l = Z^(U(n)y n 2&(tf(n))„ 
is nonempty if and only if X^ is conjugate to —X^, i.e. To(/x) = /ix. In oi/ier words, if we define 

T n = Qfl = G ^n,0 I T (//) = /i}. 

T/ien 

Z^u(U(n)Y = (J Z&(^(n))J. 

7. [/(n)-CONNECTIONS ON NONORIENTABLE SURFACES 

7.1. Connected components of the representation variety and their reductions. 

Given /j, G I Uj k, let C^/ 2 denote the conjugacy class of X^/2 in u(n). ^M(^( n ))« can ^ e 
identified with 

4m(^(»))p = {(V,c,X)GU(nr+ 1 xC ll/2 \V€(U(n)x) 2i , 
Ad(c)(X) = -X, m(V) = exp(X)c 2 }. 

while ZY M {U(n)) T ^ can be identified with 

X^ M {U{n))^ = {(V,d,c,X) G U{n) 2l+2 x C^ /2 \ V G (U(n) x ) 2e , d G C/(n) x , 
Ad(c)(X) = -X, m(y) = exp(X)cdc _1 4. 
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Note that a Yang-Mills connection on a principal [/(n)-bundle P over a nonorientable surface 
£ induces a flat connection on the [/(l)-bundle det(P). More explicitly, define 

det : U{n) 2i -► £/(l) 2 ^, (oi, &i, . . . , a/, &*) ■-> (det(ai), det(&i), . . . , det(a/), det(&/)) G C/(l) 2£ . 

We have 

det : X&(tf(n)) - X^(17(1)) (V,c,X) » (det(F), det(c)) 
det : xf M {U{n)) -> 4' 2 (C/(1)) (V,d,c,J0 ^ (det(V), det(d), det(c)) 
where ^fld(f(l)) and ^^(^(l)) are as in Example 12.11 Let 

X^ t {U{l)) ±l = {{a 1 ,b 1 ,...,a e ,b e ,c)eU(l) 2e+1 \c = ±l} 
X^ t (U{l)) ±l = {(ai,&i, . . . ,ai,bi,d,c) G U(l) 2i+2 \ d = ±1} 
Then X^ t (L r (l)) +1 and X fl ^ t (£/(1)) _1 are the two connected components of X^ t (U(l)). Let 
^y*m(^W) ±1 = (det)- 1 (x^ t (LT(l))±) , 
X&(U(n))? = ^(C/(n)) M nX^(C/(n))±. 

Then 

Any // G I n is of the following form: 

/i = (t/,0, ,0,t o (V)) 
no 

where i/ G I n > )k , t (u) G 7 n / _ fc , n' > 0, n > 0, k > 0. 
We will show that 

Proposition 7.1. Let fi = (i/, 0, . . . , 0, To(^)) G I„ = i^° , w/tere 

no 

^ G in',fc; n '; n o > 0, 2n + no = n, k > 0. 

(i) Suppose that no > 0. Fori = 1,2, ^ymC^C"))/^ AT Y M(^ r ( n ))^ 1 are nonempty and 
connected for I > 1. 

(ii) Suppose that no = so i/iai 2n' = n > 0. For i = 1,2, 

(40) *ym(^))m = 4M(^W)iT 1)n ' i+ " 



XyL,(U (n)) a is nonempty and connected unless i = 1 
Proof, (i) no > 0. f is of the form 

k\ k\ k m k n 
ni m n m n T 



where 

^1 > ... > > 0, 
n\ n m 



38 

and 



NAN-KUO HO AND CHIU-CHU MELISSA LIU 



-27T\/^Idiag ( — I ni —In m , 01n , —In m , • • • , -I ni ) ■ 



Let 7Ti : lyiil^ i n ))v ~* C n/2 be defined by (V, c, X) <->■ X, and let 7r 2 : X^([/"(n)) /i -»■ C^/ 2 
be denned by (V, d, c, X) X. Then m and 7r2 are fibrations. So 



where 



Let 



X^ M {U{n)),/U{n) 5= ir^(X,/2)/U(n), 

U(n), = U{n) xj2 = U{n) x ^. 
( In, \ 



Tim 



L no 



Tim 



g t/(n) 



Then 



Ad(e^)X^ = -X^ det(e M ) = (-1)"', = J n . 

We have ^r 1 (X^/2) 9* V*, where 

V£ = {(y,c / )G[/(n)^+ 1 |m(y)=exp(^/2)e^V , } ) 

Vl = {(V, d, c') G C/(n)^+ 2 | m (y) = exp^/^c'd^cTM- 

Under the identification n^ 1 (X fJ ,/2) = V*, the actions of U(n)^ on V^ 1 and are given by 

9 ■ (V,d) = (gVg^ 1 , {e^ge^cg' 1 ) and g ■ {V,d,c) = (gV g' 1 , gdg' 1 , {e^ge^c g' 1 ) 

respectively, where V G U(n)Jf, and g, c' , d G U{n)^. 

Any cii,bi,c' ,d £ U (n) M are of the form 

Oi = diag^i,...,^,^,^,...,^) 

6, = dmg(B{,...,Bi n ,B i ,Bi n ,...,Bi) 

c = diag(Ci, . . . C m ,C,C m , . . . ,C\) 

d = di&g(D 1 ,...D m ,D,D m ,...,D 1 ) 

where 

A), A), B% B% Cj, Cj, Dj, Dj G Ufa), A\ B\ C, D G U(n ). 
If (Vy) G V£, we have 



(41) 



^ -TTv^Tfcj ^ 7T\/— Tfcj 

l[[A],B}] = e^^c J c J , \[.v r ny < <•• r ; r ; 



i=l 



i=l 
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for j = 1, ... , m, and 

I 

(42) \\[A\B i \=C 2 . 

8=1 

By (|4ip . we have 

— 7T\/— Tfc^ 

\Jfe 



1 = det(^e "i CjCjJ = (-lp det(Cj) det(C i ). 

By (021), we have 1 = det(C 2 ) = det(C) 2 . Recall that det(c) = det(e jU ) det(c) = (-1)"' det(c') 
so 

(43) det(c) = {-lf +k det(C), det(C) = ±1. 

Note that the equations in ([IT]) are exactly the defining equations of Z^ A (U{nj))k j k j 



where ^ym(^W)m * s defined as in Section HT3l and (|42p is exactly the defining equation for 
^fl'at(^( n °))" ^° we nave the following homeomorphism: 

m 

(44) ^ - X^jU(n Q )) x H Z^(C/(n,))^ ±. 

j = l n j''"' n j 



If (V,d,<0 G V^ 2 , we have 

(45) '/;,, n^'^S = e~^c j D j cr 1 D j 

i=l t=l 

for j = 1, ... , m, and 

(46) n^ 1 '^ = cdc ~ id - 

1=1 

By (|45l) . we have 

1 = det(e "i A'A') = ( _1 ) fcj det(Dj)det(Z)j)- 
By (gSD, we have 1 = det(D 2 ) = det(L>) 2 . We conclude that 

(47) det(d) = (-l) fc det(D), det(D) = ±1. 

Note that the equations in (f45j) are exactly the defining equations of Zy^CU (rij)) k 



1 ' 



where Z-^iJJ (n)) ^ is defined as in Section HT3| and (f46l) is exactly the defining equation of 
Xq JU(no)). So we have the following homeomorphism: 

m 

(48) Vl - X^ t (U(n )) x[I4i' ; f'/))^ * ■ 

j=l n i ' ' n j 

The homeomorphisms (I44p . (j48]) are ?7(n)^-equivariant: for i = 1,2, it is straightforward to 
check that the action of 

U(n)u = U(m) x ... x U(n m ) x U(n ) x C7 (n m ) X . . . X U (ni) 
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on V* is compatible with the action of U(no) on X^ t (U(no)) and the actions of U(nj) 2 on 

Z YM( U ( n j))h_ ii" S ° 

n i ''"' n j 

x&^WVW = v;/u{n)» 

m 

- 4i(ET(no))Mno) x H^ym^MK uJJJ(n 3 f 



3=1 



m 



riA ' ' n „■ 



4 k \(C/(n ))/C/(n ) x n( X YM ... itM",-: 



3=1 ™ J ' ™ i 

= ^ t (C/(no))/C/(n ) x X 2 Y ^- l \u(n')) u /U(n'). 
From fi3j) and (|17j) . we see that 

^(C/(n))Jl/C7(n) - X&(tf(no)) ±( - 1)B '*" x X^-^{U(^) V /U(vf) 

where 

^t(^(^o)) ±1 =^(C/(n ))J 1 .. i0 . 
Recall from Proposition 16.11 that if 2£ + i — 1 > 1 then 

X YM \°{ n )h 

is nonempty and connected. By Theorem ??, 

XiL(U(n ))+\ X^ t (U(n ))-i 

are nonempty and connected for I > 1. We conclude that Xy^t^ri))^ 1 and Xy^{U{n))z} 
are nonempty and connected for I > 1. 

(ii) no = 0. The calculations in this case are the same as those in (i), except that we do 
not have the factor U{uq) so we do not have the matrices A l ,B l ,C,D. We conclude that 
det(c) = (-l) n '+ fc when i = 1 and det(cZ) = {-l) k when i = 2. So 

*y1*(^)V = 4 M (^W)ir 1)n ' <+ * 

and 

X^(U(n)),/U(n) - X^-^Uin'^/Uin'). 

r2£+i-l,0 



Recall that X YM l ' (U(n')) u is nonempty and connected if 21 + i — 1 > 1. So for i = 1,2, 
Xy l M {U (n)) ^ is nonempty and connected unless i = 1 and £ = 0. □ 

Let J n = I^ . Then I n = iJJ U 4' + U 4~, where 

4i = {" e ^n, A*i = for some «}, 

= {" = r o( l/ )) I 17 £ ^n',fc) + is even}, 
I*; - = {/x = (z/, r (z/)) | v G 7 n ',fc, n'i + fc is even}, 

where i = 1,2. When n is odd, we have I n = 7°. 
The proof of Proposition 17.11 gives the following. 
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Proposition 7.2. Suppose that i = 1, 2 and £ > 1. 

(i) 7/rt is odd, i/ie connected components of Xy M {U{n)) = Hom(rR(E|), U(n)) are 

{X^(U(n))^ | M € /°} U {X^(U(n))^ \ \i G /£}. 

(ii) J/rt is e?;en, the connected components of Xy M {U(n)) = Hom(T^(T,f) , U (n)) are 

{X^(U{n))^ | n G 7°} U {X^(C/(n)) M = ^([/(n))^ 1 | /x G 7^+} 
UiX^Uin))- 1 | /x G 7°} U {X^([/( n )) M = ^([/(n)); 1 | fx G 7^ }. 

Proposition 7.3. Given /x = (u, 0, . . . , 0, to(z^)) G 7 n; where v G 7 n / n', no > 0, 2n' + no 

n, 

h\ ki k m k m \ k\ k m 
, . . . , , . . . , , . . . , i , j> • • • .> u, 

- ni n^ n-m ^ ^m/ ni n m 

ni n m 

we have the following homeomorphisms. 

(i) If no > 0, then for i = 1, 2 

j=i "i'"'' n j 

(ii) 7/ no = 0, then for i = 1, 2 

m 



3 



7.2. Equivariant Morse stratification and equivariant Poincare series. For i = 1,2, 
let P n '+ and P n '" be the principal [/(n)-bundles on Sf with ci(P n '+) = and ci(P n '") = 1 
in 77 2 (^;Z/2Z) ^ Z/2Z, respectively. Let ^(Sf)"^ be the space of connections on P 71 ^ 
Ef, and let 7v r (Ef) n ' ± denote the space of Yang-Mills f/(n)-connections on P™^ — >■ £|. Let 
Q n,± and {Jo^ denote the gauge group and based gauge group, respectively. In particular, 
MiTil) 1 ^ = AfC^f)^ is the space of flat [/(l)-connections on P l,± — > E^, and we have (see 

mm) 

x l l t {u{i)) ±l = Mi^/g 1 ^, x£ % {u{i)t l /u{i) = M{^/g^. 

Since ci(P) = c a (det(P)) G 77 2 (E; Z/2Z), we have 

Hom(r ffi (Ef), U(n)) = X^ M (U{n)) +l U ^(^(n))" 1 
X^{U(n)f l =M(^r ± /G^ ± , X^(U(n))± l /U(n)=N(XlT>±/g n >±. 

The connected components of Xy^Ufa)^ are 

{X^(U(n))f | n G 7°} U {X^(U(n)), | u G #*=}. 

When n is odd, both 7 n ' + and 7„'~ are empty. Given n G 7°, let A/"(Ef)^ be the preimage of 
Xyl^iU (n))^ 1 under the projection 
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Given fi G ft , let AA(Sf) M be the preimage of Xyl^iU (n)) under the projection 
In other words, 

XVbtieF = x&(U(ri)?, » e l° n , M(^),/g^ = X^(U(n))„ y. G 
In particular, 



is the space of fiat connections on P n ^ — > S|. The Yang-Mills functional achieves its absolute 



minimum on A^Ef)^. The moduli space of gauge equivalence classes of flat connections 



on P n '^ — > S| is given by 

M(Sf,P^) = Af(E^> ± /^' ± = V ss (Xi,P n >±)/U(n), 

where 

F ss (Sf,P^±) =X^(C/(n)) ± =AA(Sf)^ ± /^ ± . 

Now assume x(E) = 2 — 21 — i < 0. Let ir : E — > E be the orientable double cover. Then 
7r *P«.,± = pn,o ^ £. x jj^^ There are invo i utions r ± . pn,o pn,o which cover the deck 

transformation r : E — > E such that p n & /t^ = P n '^. Let ^4,(S) n,=l: denote the space of 
connections on P n,=1: — ► E, and let *A(E) n '° denote the space of connections on P n, ° — ► E. 
Then 

^(E)"^ („4(E) n '°) T± . 

Given y £ I® (resp. /i G ft + U ft - ), let .A(E)^ (resp. ^4(E) M )be the stable manifold of the 
critical set AA(E)^ (resp. jV(E)^) of the Yang-Mills functional on ^.(E) 1 * 1 . Then for i = 1,2, 

A(Ef)"^ = U U (J A(^), 

is the (/-equivariant Morse stratification of A(T l f) n ' i: given by the Yang-Mills functional. 



AA(Sf)± C for ft G C M (Ef) M C („4(E)"' U ) T for \i G ft± 

By results in [T] and [S|, .A^ is a complex submanifold of .A. We also know that induces 



We have 

,ou r± : 

anti-holomorphic involution on A. By Proposition 15. H for /i 6 /JJ we have 

eodim R (A(E)± A(E)"'±) =codim C (a(E) m , A(E)™>°) = £(/x Q - ^ + X (Ef)). 

Q</3 

The above formula also holds for ^ G 4' • 

We have the following equivalent equivariant pairs for the purpose of equivariant (singular) 
cohomology: 

(A(Ef)± ^ ~ (AT(Ef)± ~ (^([/(n))^ 1 ,^^)), /i G 1°; 

(A(Ef)^±) - (^(Ef) M> ^) ~ (X Y ^(C/(n)) M ,C/(n)), M G 
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In other words, we have the following homotopy equivalences of homotopic orbit spaces: 
Together with the reduction Proposition 17.31 we have 

Theorem 7.4. Lei i = 1,2, and let K be a field. Given u = (v, 0, . . . , 0, tq(^)) € I n , where 



no 

^ G i«',fc> n , no > 0, 2n + no = n, 
' k\ h\ k m k m \ /ci A;,-, 

5 • • • 5 ? • • • ; j • • • ; ) 3 ^ ' ' ' ^ 



we Ziawe t/ie following identities. 
(i) n >0«/i£/||: 



if G4(£f)J;iO = Pf(Af(£f)J;iQ = pf^iX^U^f-K) 

m 

= P^ no \v 8S (^,P noMl)n ' i+k );K) ■\ll'!' : - : (\:jy:fr' '. I'''- J ' ■ ): A). 

3=1 

(ii) n = 44> n G in ,=t : 

^(-4(Sf) /t ;i^) = H* g (M(^),;K) - ii* (n) (X^(C/(n)) M ; 



m 



H* u{n]) (V ss (^-\P^^);K), 



if (^l(S|) M ;ir) = Jf (jV(Ef)+; Jf) = Pf (ri) (X^(C/(n)) M ;iT) 



i=i 

Example 7.5. n = 2. For £f , 

4'+ = {(0, 0)} U {(2r - 1, 1 - 2r) | r G Z >0 }, = {(0, 0)} U {(2r, -2r) | r G Z >0 }. 

For £2, 

= {(0,0)} U {(2r,-2r) | r G Z >0 }, = {(0,0)} U {(2r - 1, 1 - 2r) | r G Z >0 }. 

in other words, the Q-equivariant strata of A(P 2 ' + ) (resp. A(P 2 ~) are {AiY^f)^ | u G i^' + (resp. 1% 
The codimension of each stratum is 

d 2 r,-2r = 4r + 21 + i - 2, d 2 r-l,l-2r = 4r + 2^ + i - 4. 
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The equivariant Poincare polynomial for stratum [i = (r, — r) is 

= pr(t/(i)^-")= (1+ ; } ! 2 r"- 

Example 7.6. n = 3. Since n is odd, no = 1 or 3. Thus, 

/° = {(0,0,0)}U{(r,0,-r) | r G Z >0 }. 
T/ie Q -equivariant strata of A(P 3,± ) are {A^ \ \i G if}. T/ie codimension of each stratum is 

d rfl ^ r = 4r + 3(2£ + i - 2) 

T/ie equivariant Poincare polynomial for stratum /i = (r, 0, — r) is 

^ (3) (^(^(3))3,-,) = *f (^t(^(D) ±( - 1)1+r ) ^ W (^S i " 1 ' (^(l))r 

= Pf (1) (Z7(l) M+i - 1 )Pf W(i/(i)2(2<-H-i)) = (1 |/ )3( ^" 1) . 



(1-t 2 ) 2 
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